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We consider the well-known following shape optimization problem: 

Ai(n*) = min \i{Q), 

\ai=a 
ncD 

where Ai denotes the first eigenvalue of the Laplace operator with homogeneous Dirichlet 
boundary condition, and D is an open bounded set (a box). It is well-known that the solution 

• of this problem is the ball of volume a if such a ball exists in the box D (Faber-Krahn's theo- 
rem). 

In this paper, we prove regularity properties of the boundary of the optimal shapes il* in any 

• case and in any dimension. Full regularity is obtained in dimension 2. 



Keywords: Shape optimization, eigenvalues of the Laplace operator, regularity of free 
boundaries. 



1 Introduction and main results 

I Let D be a bounded open subset of R"*. For all open subset of D, we denote by Xi{fl) the 

. first eigenvalue of the Laplace operator in fl, with homogeneous boundary conditions, and by uq 

' a normalized eigenfunction, that is 

o 



-Alio = \i{^)uQ in Q, 



Q I un = on dfl, 

^ , We are interested here in the regularity of the optimal shapes of the following shape optimization 

^ ' problem, where a e (0, \D\) {\D\ denotes the Lebesgue measure of D): 

( n* open, n* C D,\n*\ = a, 

j Xi{n*) = min{Ai(r2); ft* open, flcD, \n\ = a}. 

By a well-known theorem of Faber and Krahn, if there is a ball B C D with \B\ = a, then this ball 
is an optimal shape and it is unique, up to translations (and up to sets of zero capacity). 

Here we adress the question of existence of a regular optimal set in all cases. 

Existence of a quasi-open optimal set fl* may be deduced from a general existence result by 
G. Buttazzo and G. Dal Maso (see \5^) for an extended version of JT]), where the variable sets Q 
are not necessarily open. An optimal shape ft* may not be more than a quasi-open set if D is not 
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connected (we reproduce in the appendix the example mentioned in [4]). On the other hand, it is 
proved in 0| or [13] that such an open optimal set fl* always exists for |T|) and, if moreover D is 
connected, then all optimal shapes ft* are open. More precisely, it is proved in [4] that, for any D, 
un* is locally Lipschitz continuous in D. If moreover D is connected, then Q* coincides with the 
support of Ufi* (and is therefore open). Let us summarize this as follows (see also [14J): 

Proposition 1.1 Assume D is open and hounded. The problem {Tp has a solution Q,* , and uji* is 

nonnegative and locally Lipschitz continuous in D. If D is connected, il* — {x D,uq* > 0}. 
Moreover, we have 

Aun'+Xii^*)un'>OinD, (2) 
which means that Auq* + Ai(il*)uo* is a positive Radon measure. 

Here, we are interested in the regularity of dfl* itself, and we prove the following theorem: 

Theorem 1.2 Assume D is open, bounded and connected. Then any solution of {Ip satisfies: 

1. Q.* has locally finite perimeter in D and 

n'^-\idn*\d*n*)nD) = 0, (3) 

where TC^^^ is the HausdorfJ measure of dimension d — 1, and d*n* is the reduced boundary 
(in the sense of sets with finite perimeter, see 19] or jll^). 

2. There exists A > such that 

in the sense of distribution in D, where Ti.'^^^ydVl* is the restriction of the {d— l)-Hausdorff 
measure to dfl* . 

3. d*rt* is an analytic hypersurface in D. 

4. If d ~ 2, then the whole boundary dfl* D is analytic. 

We use the same strategy as in [Sj (where the regularity is studied for another shape optimization 
problem) . Theorem 11.21 essentially relies on the proof of the equivalence of H]) with a penahzed 
version for the constraint \ — a, as stated in Theorem 11.51 below. Once we have this penahzed 
version, we can use techniques and results from [T] (see also p2j and [3j). 

Remark 1.3 According to the results in [Tj, the third point in Theorem \1.2\ is a direct consequence 
of the second one which says that uq* is a "weak solution" in the sense of IJ^. To obtain the full 
regularity of the boundary for d =2, the fact that uq* is a weak solution is not sufficient, and more 
information has to be deduced from the variational problem. The approach is essentially the same 
as in Theorem 6.6 and Corollary 6.7 in /!]. The necessary adjustments are given at the end of this 
paper. 

Remark 1.4 According to the result of fl 5\ \TB[ ffil f^. it is likely that full regularity of the boundary 
may be extended to higher dimension (d < 6 ?), and therefore that the estimate Q can be improved. 
But this needs quite more work and is under study. 

By a classical variational principle, we know that, for all fl C D open, 

Xi{n)= / |Vunp=min|/ |Vup,ueiJi(r!), /u^^ll. (4) 

Here, Xi{n*) < Ai(0) for all open set n C D with \n\ = a. Since flcn ^ Xi{n) > Xi{n) 
it follows that Ai(r2*) < Ai(f7) for all open set fl C D with < a. Coupled with (j4]), this 
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leads to the following variation property of fl* and uji* (see for more details), where we denote 
u = UQ* , Xa = Ai(rj*), and fl^ — {x G D; v{x) ^ 0}: 

Aa = |Vu|2 = min 1^ \S/v\^;v e H^{D)J^v^ = 1, < a| . (5) 

Let us rewrite this as follows. For w e Hq{D), we denote = / |Vwp — Xa ■ Then 

J D Jd 

applying ^ with v — w^)^/^, we obtain that u is a solution of the following optimization 

problem: 

J{u) < J{w), for all w e H^iD), with < a. (6) 

One of the main ingredient in the proof of Theorem 11.21 is to improve the variational property ^ 
in two directions, as stated in Theorem 11.51 below. The approach is local. 



Let Bn be a ball included in D and centered on dflu H D. We define 

For h > 0, we denote by fJ,-{h) the biggest /i- > such that, 

y V such that a-h< < a, J[u) + H-\^u\ < J{v) + (7) 
We also define n+{h) as the smallest ^+ > such that, 

y V ^ T such that a<\n^\<a + h, J{u) + < J{v) + /x+|rj„|. (8) 

The following theorem is a main step in the proof of Theorem 11.21 



Theorem 1.5 Let u,Bfi and T as above. Then for R small enough (depending only on u,a and 
D ), there exists A > and Hq > such that, 

V /i e (0, ho), < n-{h) < A < fi+{h) < +00, 

and, moreover, 

lim = lim = A. (9) 

Remark 1.6 We can compare the existence of ^+{h) with Theorem 2.9 in 14). This theorem shows 
that there exists /z+ such that 



[ |Vwp < / \WV\^+Xa 


I - [ 


Jd Jd 


Jd . 



for V e Hq{D) and > a. The difference with 14] is that, in ([2|, we have the term Aa[l — v^] 
(not only the positive part), hut we allowed only perturbations in Bj^. We cannot expect to have 
something like (0) for perturbations in all D (because we may find v with \ > a and J{v) < 0, 
so limt-f+ooJ{tv) — ~oo). 



In the next section, we will prove Theorem 11.51 In the third section, we will prove Theorem 
1.21 In the appendix, we discuss the case D non-connected. 



2 Proof of Theorem 11.51 

In the next lemma, we give an Euler-Lagrange equation for our problem. The proof follows the 
steps of the Euler-Lagrange equation in [7] . 

Lemma 2.1 (Euler-Lagrange equation) Let u be a solution of Then there exists A > 
such that, for all $ G Cg^{D,R'^), 

[ 2(D$Vu,Vu)- /" iVwpV • $ -I- Aa / u2V-$ = A /" V-$. 
Jd Jd Jd Jn^ 
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Proof. We start by a general remark that will be useful in the rest of the paper. If z; S H^{D) 
and if $ G C^{D,'R'^), we define Vt{x) ~ v{x + therefore, for t small enough, Vt G Hq{D). 

A simple calculus gives (when t goes to 0), 



\nj = \a 



J{vt)^J{v)+t(^J 2{D^\/v.\/v) ~ J \\/vf\/-^ + XaJ wV-$^+o(t). 

Now we apply this with v — u and $ such that V • $ > 0. Such a <i> exists, otherwise we would 
get, using that D is connected, flu — D or il) a.e. We have \ \ < \ fiu\ for t > small enough and, 
by minimality. 



J{u) < J{ut) 

= J{u)+t 

and so, 



/ 2{D^\7u,\Iu)- I \\Iu\^\I ■^ + \a I w2V-$)+o(t), 

J D J D J D J 



L 



2(D$Vu,Vu)- / |Vu|2V-$ + Aa/ u^V-$>0. (10) 
Id Jd Jd 

Now, we take $ with V • $ = 0. Let $i be such that V • $1 = 1. Writing with $ + ?7$i 

and letting 77 goes to 0, we get (fTO|) with this <& and, using — <i>, we get (fTO|) with an equality 

instead of the inequality. For a general $, we use this equality with <i> — ^i{Jq V • $) (we have 

J V • ^(f> - $1 V • =0), and we get the result with 

A= /" 2(i:>$iVu, Vu) - / |V?ipV-$i+Aa / m2V-$i>0, 
Jd Jd Jd 

using (Uni). □ 

Remark 2.2 l^e wi/Z /ia?;e to prove that, in fact, A > 0. 

Let us remind our notations: let m be a solution of ([6]), and let Bn be a ball included in D and 
centered on dflu H D. We define 

T={ve Hl{D),u~ V e HI{Br)}. 

Before proving Theorem ll.5[ we give the following useful lemma: 

Lemma 2.3 Let u,Bii and T as above. Then there exists a constant C such that, for R small 
enough. 



Vv e J", J{v) > i / |Vwp - C. 

2 J Br 



Proof. We know that Xi{B]i) — Ai(i?i)/(i?^) (we just use the change of variable x — > x/R). If i? 
is small enough we have: 

4A 

MBr)>1. YTTTT^l/^- (11) 

Xi[Br) 

Let w e JF; so w — i; e Hq{Bji), and using the variational formulation of Xi^Bn), we get 

||V(u - i;)|Pr2,R ^ 
II ||2 " ^ '"L^Bn) 



We deduce that, 



mIhb., < 2 " \J^/'"' +nu\\UDR, 

< ^ W^^WhjBR) ^ c ^ 

^i{Br) Xa 
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(we use (fTT|) ) where C depends only on the norms of u and his gradient. Now we have 



and we get the result using pT|) . □ 

Remark 2.4 This lemma is interesting for two reasons. The first one is that J is hounded from 
below on T . The second one is that, if Vn £ J- is a sequence such that J(w„) is bounded, then 
\\'^Vn\\L^(Bn) '^^^^ bounded. Since Vn = u outside Bji we deduce that Vn is bounded in Hq{D) 
(and so weakly converges up to a sub-sequence...). 

Proof of Theorem II. 5t We divide our proof into four parts. Let A > be as in Lemma [2TTJ 
First part: A < /Lt+(/i) < +00. 

We start the proof by showing that is finite. Since Bji is centered on the boundary on 

driu, we first show: 

o< \n^nBR\ < \Br\. 

The first inequality comes from the fact that ri„ is open. The second one comes from the following 
lemma: 



Lemma 2.5 Let ui be an open subset of D, and let u be a solution 0/ (0. // n a;| = jwl, then 

—Aw = XaU in uj, 

and therefore uj C flu- 

Proof of Lemma 12. 5L Since u > a.e. on uj, we define v € Hq{D) hy v = u outside co and 
—Aw = XaU in UJ. From the strict maximum principle, we get f > on a; and \fly\ = \flu\- By 
minimality (J(w) < J{v)) we have, 

{Wu-Wv).{Wu-Wv + 2Wv)-Xa {u-v){u + v) < 

\Vu~Vv\'^ + Xa {u~v){2u-u-v) < 0, 



(we use that u — v £ Hq{uj) and —Av — XaU in uj). We get that u = v a.e. in uj and by continuity 
u = V > everywhere in uj. □ 

If \flu<^ Bji\ = l-Bfll, applying this lemma to w = Br, we would get flu n Br — Br, which is 
impossible since Br is centered on dflu- If R is small enough we can also suppose, 

o<\au\BR,\ < \d\Br}. 

For the first inequality, we need that \Br\ < a, and for the second one we need a < \D\ — \Br\. 
Let ft. > be such that h < \Br\ — n Br\ (and so, if v & with < a + h, then 
n Br\ < \Br\). Let {^n) an increasing sequence to +00. There exists u„ G such that 
\^v„ \ < a + h and, 

JM + ^^n{\flvJ-a)+ = min { J(w) + ^„(|f7„| - a)+} . (12) 

For this we use remark [2^ and so the functional J{v) + /i„(|rii,| — a)+ is bounded by below for 
V G T. Moreover, a minimizing sequence for this functional is bounded in Hq{D) and so weakly 
converges in Hq{D), strongly in L^{D) and almost everywhere (up to a sub-sequence) to some «„. 
Using the lower semi-continuity of v ^ Jj^ |Vwp for the weak convergence, the strong convergence 
in L?[D) and the lower semi-continuity oi v ^ |f2„| for the convergence almost everywhere we see 
that Vn is such that (HH) is true. 
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If \^v„\ £ then ([8]) is true with so we will suppose to the contrary that |ri.u^| > a for all 



Step 1: Euler-Lagrange equation for w„. If we set 5„ = |^t)„|j then w„ is also solution of 

J{vn) — niin J(v). 



With the same proof as in lemma [2?Tl we can write an Euler-Lagrange equation for Vn in Bn. That 
is, there exists A„ > such that, for $ e C^^ {Br,M.''), 

[ 2p$Vf„.Vi;„) - / |Vi;„|2V-$ + Aa / vfy-^^Anf V • (13) 
Jd Jd jd j^v„ 

Step 2: An > Hn- There exists $ G C^{Bb) such that /^^^ V • $ = 1. Let = 
Vn{x + We have ^ T iov t>Q small enough, and using derivation results recalled in the 

proof of lemma [2?T] and |riu„| > a, we get 



a < \n^t^ I = I - ^ + o(t) <a + h, 

J{vl) = J{Vn)+tAn+0{t). 

Now we use (fT2|) with i; = in order to get, 

J{v„) + flnQrivJ - a) < J{Vn) + tAn + o{t) + fln{\^vj - t - a) , 

and dividing by t > and letting t goes to 0, we finally get A„ > /x„. 

Step 3: Vn strongly converges to some v. Using lfT2|) with v = u, we get 

JK)+/i„(|a,J-a) < (14) 

and so, using Remark 12.41 we can deduce that w„ weakly converge in Hq (up to a sub-sequence) 
to some V ^ T with < a + /i. We also have the strong convergence in L^{D) and the 

convergence almost everywhere. Since J is bounded from below on we see from (fTl|) that 
/i„(|r2„^| — a) is bounded and we get lim„_>oo |f^u„| — o., and so jSl^l < a. From J{vn) < J{u), we 
get J(i') < liminf J(w„) < J(u) and so w is a solution of Finally we can write, using lfT2|). that 
J{vn) < ■/(f) and we get, using the strong convergence of Vn in L^, 

limsup / |Vu„|^ < / \Vvf. 

n^oo JD JD 

We also have, with weak convergence in Hq{D) that 



|Vu|^ < liminf / \Vvn\. 
Jd 

We deduce that Hm„_oo || Vu„||l2(d) = ||Vu||l2(£)). With the weak-convergence, this gives the 
strong convergence of Vn to v in Hq{D). 

Step 4: lim A„ = A. We see that w is a solution of ([6]), so we can apply Lemma [2711 to get that 
there exists a A^, such that 

\f <^> e Ci^{D,R'^), I 2(I?$Vu.Vd)- / |VwpV-$-fAa / v^\/ ■ <i> ^ A^ [ V • $. 

Jd Jd Jd Ja^ 

We have u = v outside Bji so, using this equation and the Euler-Lagrange equation for u we see 
that A„ = A. Now, we write the Euler-Lagrange for w„ and $ e (7^(1), R'') such that /^^ V-<I> ^ 0, 

/ 2{D^VVn.VVn)- [ \VVn\^V ■<i> + Xa [ W^'^V • $ = A„ / V • $, 

Jd Jd Jd J^^n 
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and, using the strong convergence of Vn to v, we get that 

lim A„ = lim /g 2iD<i>Vv„.Vv„) - |V^;„pV ■ <S> + Xg J^vlV ■ <i> 

2{D^Vv.Vv) - I VwpV • $ + Aa J^, v^V ■ $ 

= A. 



Since lim^„ = +00 we get the contradiction from Steps 2 and 4, and so fi+{h) is finite. 

To conclude this first part, we now have to see that A < n+{h). Let $ G be such that 
In V • $ = — 1, and let Mt(x) = u{x + t^{x)). Using the calculus in the proof of Lemma [2.11 we 
have, for t > small enough, 

a < \^ut \= a + t + o{t) <a + h, 
J[ut) = J[u) -tK + o{t). 

Now, using ([H]), we have 

J{u) + n+{h)a < J{u) - tA + fi+{h){a + t) + o{t), 

and we get A < ^^{h). 



Second part: lim/i+(ft,) = A. 

We first see that n+{h) > for h > 0. Indeed, if fi+{h) = we write 



for every tp e C^{Bii) with \{ip ^ 0}| < h, J{u) < J{u + tip), 



so 

-Au = XaU in Br, 

which contradicts < \VLuC\ B]i\ < \Bfi\. 

Let e > and > a decreasing sequence tending to 0. Because h IJ^+(h) is non- increasing, 
we just have to see that lim/i+(/i„) < A + e for a sub-sequence of hn- If A > 0, let e €]0, A[ and 
< a„ := ^+{hn) — e < ^+(/i„); if A = 0, let < a„ = ^+(/i„)/2 < fi+{hn)- There exists Vn such 
that 

J{vn) + an{\Qy^\ - a)~^ = min { J(i;) + Q!„(|rj„| - a)+} . 

Since a„ < we see that \i^v„\ > a (otherwise we write J{u) < J{vn) + a„(|17i,„| — a)+). 

We now have 4 steps that are very similar to the 4 steps used in the previous part to show that 
is finite. 

Step 1: Euler-Lagrange equation for «„. If d G is such that < l^unli we have 
J(vn) < J{''^)- Then, as in Lemma [2?T] we can write the Euler-Lagrange equation pTS)) for w„ in Br 
for some A„. 



Step 2: A„ > q;„. Since \^v„ \ > 1 the proof is the same as step 2 in the first part, with a„ 
instead of /i„. 

Step 3: Vn strongly converge to some v. As in step 3 above, we just write, 

JK) + a«(|f^«J -a)+ < J{u), 

to get (up to a sub-sequence) that Vn weakly converges in Hq{D), strongly in L'^{D) and almost- 
everywhere to v £ J^. We have a < \^v„ \ < a + hn and so Hm„_oo \^v„ \ = a. As in step 3 above, 
we deduce that w is a solution of ([6]), and using 

J{vn) + a„(|17„,J - a) < J{v), 
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we get the strong convergence in Hq{D). 

Step 4: lim A„ = A. The proof is the same as in step 4 of the first part of the proof. We write 
the Euler-Lagrange equation for v in D and use u = v outside Br. We get that limA„ = A by 
letting n go to +00 in the Euler-Lagrange equation for Vn in Br (using the strong convergence of 

Vn)- 

We can now conclude this second part: if A > 0, we have, for n large enough, 

fi+{hn) - e = < A„ < A + e, 

and so < A + 2e. 

If A = we have 

^+(/i„)/2 = a„ < A„ < e, 

and so < ^+(/i„) < 2e. 

In both cases, we have A < /i+(ft,„) < A + 2e. 

Third part: lini^_(/i) = A. 

Let hn be a sequence decreasing to 0, and let £ > 0. Because h ^J—{h.) is increasing, we just 
have to show that Hm„^oo t^-{hn) > A — £ for a sub-sequence of hn- 

We first see that ^i-{h) < A. Let $ G CI^{Br,R'^) be such that /g^ V • $ = 1 and let 
Ut = u{x + t^{x)) for i > 0. We have (using the proof of Lemma [2TT|) , 

a — h < \^ut I = a — t + o{t) < a, 

J{ut) = J{u) + tA + o{t). 

Now, using d?]), we have 

J{u) + fi^{h)a < J{u) + tA + fi^{h){a - t) + o{t), 

and we get ^i-{h) < A. 

Let Vn be a solution of the following minimization problem, 

J{vn) + {pi-{hn)+e) - (a - /i„))+ = min \j{w) + {fi-{h) + e) - (a - + } . 

(15) 

We will first see that, 

a — hn < \^v„ I < a- 

If \flv,^ I = a we have, 

J{u) + {fi^ihn) + e)\nu\ < J{vn) + Ui-{hn) + e)\n^J < J{w) + {fi-{hn) + e)\n^\, 

for w £ !F with a — hn < \flw\ < a which contradicts the definition of fi-{hn). 
Now, if \^v„\ < a — hn, we have J(w„) < J(u„ -t- tip) for every ip g C^{B]i) with \{ip ^ 0}| < 
a — hn — \^v„\- And we get that —Avn = XaVn in Br and so, we have ti„ = on Br or u„ > on 
Br, but this last case contradicts \i^v„ \ < o- li Vn = on Br, because Vn = u outside Br, we get 
u € HI{Br), and using J{u) < J(w„), 

/ \Vu\^-Xa I <0. 

We now deduce (m ^ on Br) that Aa > \i{Br), which is a contradiction, at least for R small 
enough. 

We now study the sequence w„ in a very similar way than above. 

Step 1: Euler-Lagrange equation for Vn- J{vn) < J{v) for v <^ T with \^v\ < l^^u^l, so we 
have an Euler-Lagrange equation (fT3)) for f„ in Br for some A„. 
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step 2: A„ < {}jl-{K) +e). Since < a, we take $ G C^f (B^.M'') with /g^ V • $ = -1 

and w*j(a;) = v„(.t + for t > small. We have = \^v„ \ + t + o{t) < a and 

J{^n) = J{vn) — ^nt + o{t) and writting (HH) with w = we get the result. 

Step 3: Vn strongly converge to some v. As in step 3 above we just write that 

J{vn) + (p- {K) + e) (|J7^„ I - (a - /!„)) < J{u) + {h 

to get (up to a sub-sequence) that Vn weakly converge in Hq{D), strongly in L^{D) and almost- 
everywhere to v G We have a — hn < |i^t,„| < a and so lim„_^oo |^^t)„| — As in step 3 above, 
we deduce that u is a solution of ([6]), and using 

J{vn) + {n-{hn)+e) {\n^J - {a-K)) < J{v) + (Ai-(/i„) +e) {\n^\ - (a - /i„))+, 

we get the strong convergence in Hq{D). 

Step 4: lim A„ = A. The proof is exactly the same as in step 4 above in the study of the limit 

of ^Ji+{hn). 

Now we have, using steps 2 and 4, for n large enough, 

A - e < A„ < ^_(/i„) + £ < A + e, 

and so Iim„^oo ^J■-{hn) = A. 

Fourth part: A > 0. We would like to show that A > (which implies H-{h) > for h 
small enough). We argue by contradiction and we suppose that A = 0. The proof is very close to 
the proof of Proposition 6.1 in \3\. We start with the following proposition: 

Proposition 2.6 Assume A = 0. Then, there exists r/ a decreasing function with limr^o '?('') = 
such that, if xq G and B{xq, r) C -B_r/2 with |{u = 0} n B{xq, r)\ > 0, then 



-/ 

JdB{xo,r 



< V{r)- (16) 



Proof of Proposition [2T6l Let xo,r be as above, and we set Br = B{xo,r). Let v be defined 

by, 

J —Av = XaU in Br 
\ V = u on dBr: 

and V = u outside Br- We have v > Q on Br- We get, using ([8]), 

/ (|Vup - |Vz;n - A, / {u" - t-2) < ^ji+{Loy)\{u = 0} n Br\, (17) 

JBr JBr 

we also get (using — Av = XaU in S, ), 

/ (|Vwp - iVwp) - Aa / w^-v^ = / V[u-v).\/{u-v + 2v)-\a I - 

JBr JBr JBr JBr 

\W{u-v)\'' + Xa I {u-vf. (18) 



Now, with the same computations as in [l],[I3 (with XaU instead of /) we get. 



\{u = Q}nBr\ {^j^^ V^ 
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<C / |V(w-w)p. (19) 



Now, using (ini), (HH) and ^ we get the result. □ 
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End of proof of Theorem II. 5L Now, the rest of the proof is the same as Proposition 6.2 in [3] 
with AqU instead of The idea is that, from the estimate ifTG]) of Proposition 12.61 Vu tends 

to at the boundary, and consequently the measure Au does not charge the boundary dQu- It 
follows that — Au = AqU in Bji, which, by strict maximum principle, contradicts that u is zero on 
some part of Bn. □ 



3 Proof of Theorem 11.2 



Let fl* be a solution of |(T]). Then u = uq* is a solution of |[6]), and thus satisfies Proposition 
1.11 and Theorem ll.Sj moreover, fl* = flu- Like in the previous section, we work in B, a small ball 
centered in dflu- Since the approach is local, we will show regularity for the part of dflu included 
in B; but B can be centered on every point of Ci D, so this is of course enough to lead to the 
announced results in Theorem [Ol 

Coupled with Remark 11.31 we conclude that it is sufficient to prove: 



(a) n* has finite perimeter in B and W^-Hidfl* \ d*n*) n B) = 
(6) Aun* +Xi{n*)un- = VAH'^'^ldQ* in B, 

(c) if d=2, dn*nB^ d*n* n b. 



(20) 



We use the same arguments as in [T] and [12], but we have to deal with the term in / instead 
of / fu (in [12]). So we first start with the following technical lemma. 

Lemma 3.1 There exist Ci,C2,ro > such that, for B{xQ,r) C B with r < tq, 
if ^ 4- u>C\ then u > on B{xQ,r), 

JdB{xo,r) ^21) 

if ^ -f u < C2 then u = on B{xQ,r /2). 

JdB{xa,r) 

Proof. The first point comes directly from the proof of Proposition 12.61 We take the same 
V and, using equation ([T9|l . we see that there exists Ci such that if ^j'gB{xa r)"^ — ^^^^ 
\{u = 0}nB{x„,r)\=0. 

For the second part we argue as in Theorem 3.1 in [2]. We will denote Br for B(xQ,r). In this 
proof, C denotes (different) constants which depend only on a,d,D,u and B, but not on xq or r. 

Let e > small and such that {u = e} is smooth (true for almost every e), let = {Br \ 
Br/2) n {u > e} and be defined by 

-Ave = XaU in De 

Ve = u in D\ Br 

Ve = u in Br n {u < e} 

Ve = s in Br/2 H {u > e}. 

We see that u — Ve is harmonic in De. 

We now show that (ve — u)e is bounded in H^{D), for small e > 0. Let ip be in C^{Br) with 
< f^s < 1 and = 1 on Br/2- Let = (1 — if)u + e^p = u + ip{e — u). We have: 

~u = = Ve-uondBrD {dDe n (S,. \ S^/2)), 

and 

— u — £ — u = Ve — u> — ||u||oo on dDe n dBr/2, 
so using that Ve — u is harmonic, we get — | 

^11 00 — — li ^ on cind., 

/ \y{Ve-u)\'< [ |V(*-U)P. 
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Now, using that V^" = Vm(1 — Lp) — {y^p)u + eV(/? and the L°° bounds for u and Vu, we see that 
— w is bounded in H^{D). 

Now, up to a subsequence, weakly converges in Hq{D) to v such that: 

-Av = XaU in {Br \ Br/2) n fi„ 
u = u in D\ Br 
V = in B,,/2 U (Br n {u = 0}). 

Using ([7]) with ft- = 15^/21, and u — v in D \ Br , we have: 

/ |Vup-Aa/ u"^ + ^i-ih)\nunBr\ < |Vwp-Aa/ + (/l) | f7„ H | , 

and so, 

Br/2 

< / V(w - u).V{u -v + 2v)- Xa / (u^ - M^) + Aa / 

JBr\Br/2 JBr\Br/2 JB,./2 



< liminf2 / V {v, - u).Vv, - \a {vl - u^) + K j 

= liminf 2 / (e - u)^ + 2Aa / (we - u)u - A„ / (v^ - u^) + A^ / 



2 „.2\ , \ / „.2 



= liminf 2 / (e — u)^^ + Aa /" (2uue — w'^ — w^) + Aa / u 

< liminf2 / {e ~ u)Vve.li + Xa '«^ (22) 

" JaB^/2n{«>£} "'-Br/2 

where is the outward normal of and so the inward normal of Br/2- Let be such that, 

-AWe = XaU on Br \ Br/2 

We = u on dBr n {u > e} 
We = e on {dBr C] {u < e}) U dBr/2- 

Because w^> e on d{Br\Br/2) and super-harmonic in Br\Br/2, we get that > e in Br\Br/2- In 
particular u;^ > = e in dD^r]{Br\Br/2)- Moreover, we also have > on dD^r]{dBriidBr/2), 
and since — is harmonic in D^, we get > in D^. Using = = e on dBr/2 n {u > e}, 
we can now compare the gradients of We and on this set, 

< -Vve-li < -Vwe-'n on dBr/2 n {m > e}. (23) 

Let now v^l be defined by = We on 9(.Br \ Br/2) and harmonic in -B^ \ -Br/2- We use now 
the following estimate: 

< -~Vwl.il < 3 / (it - e)+ < C7 on dBr/2, (24) 

J9Br 



where 7 = 7/^5 (to get this estimate, we can first prove, using a comparison argument, that 
|Vu;°| < — £||oo,B3^/4\B^/2' then conclude using again maximum principle and Poisson 

formula for functions that are harmonic in a ball). Let wl = — we have = on 
d{Br \ Br/2) and —Awl — ^aU in Br \ Br/2 and so, 

l|V«;,i||oo,Br\Br/2 < I " 1 1 - < Cv. (25) 
Now using ([221), ^ and ^ we get, 

L:= f |Vup + ^_(/i)|a,nBr/2| <C(7 + r) /' u + Xaj . (26) 
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Our goal is now to bound from above the right-hand of this inequation with CL(j + r): and so if 
7 and r are small enough we will get L — and so u = in 5^/2- 

We now give an estimate of ||m||oo,b^/2 in term of 7. Let w = on dBr and — Aw = \aU in Br- 
We have (using Q) A(m — w) = Au + XaU > in Br and u ~ w — u on dBr so, 



ll" - w||oo,B^,2 < C 4 u<C^r. 

JdBr- 



We also have that 
and finally, 

We now write (using ([27|) ). 

u < C 



\\u\UB,.,.<Ci^r + r'). (27) 



dB, 



/2 











JB^,2 


' 1b,„ J 



< c 



Here we use Theorem ll.Sl to see that there exists ho such that 

^ < H-{h) < A, < /i < /iQ. 

And so, we have 

u < cl [ \\/u\^ + fi-{h)\nunBr/2\ + c\nunBr/2\h + r)] 

,72 \Jb,.,2 J 

< CL(l+7 + r), (28) 

with C independent of r for every r small enough such that h = \Br/2\ < ho. We also have (using 

m) 

< C\n,, n 5^/21(77- + r^) < CL{jr + r^). (29) 



We now get, from ^ and if 7 < 1 and r < 1, 

L < C(7 + r)L{l + 7 + r) + CL(7r + r^) < CL{"f + r), 
and, if we suppose r < we get, 

and so, if 7 < 5^ we get L — and u = on Br/2- D 

With the help of this lemma, we are now able to successively prove the three properties (a),(b) 
and (c) of ([2g|. 

Proof of (a). The proof is now, using ([2T|) in lemma [3TT| the same as in [12j or in [Ij. Here 
are the main steps: we first show that there exists Ci, C2 and tq such that, for every B{xo,r) C B 
with r < To, 

0<C.<\%^<C2<1, 
\B{xQ,r)\ 

and 

Cir-^-i < {Au + \au){Bixo,r)) < C2r''~\ 
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The proof is the same as in fT2] with XaU instead of /. It gives directly (using the Geometrical 
measure theory, see section 5.8 in ^) the first point of Theorem ll.2l 



Proof of (b). For the second point, we see that Au + XaU is absolutely continuous with respect to 
TC^^^ldftu which is a Radon-Measure (using the first point), so we can use Radon's Theorem. To 
compute the Radon's derivative, we argue as in Theorem 2.13 in [12] or (4.7,5.5) in [1]. The main 
difference is that here, we have to use ^ in Theorem 11.51 to show that, if uq denotes a blow-up 
Hmit of u{xo + rx)/r (when r goes to 0), then mq is such that, 

/ |VuoP+A|{uo^O}nB(0,l)| < / |Vvp+A|{i;^0}nB(0,l)|, 

JB(0,1) "'S(0,1) 

for every v such that v = uq outside -6(0, 1). To show this, in |1] or in [12] the authors use only 
perturbations in B{xo,r) with r goes to 0, so using ([9]), we get the same result. We can compute 
the Radon's derivative and get (in B) 

Now, w is a weak-solution in the sense of [T^ and [T] and we directly get the analytic regularity of 
d*Qu (this regularity is shown for weak-solutions). 

Proof of (c). li d = 2, in order to have the regularity of the whole boundary, we have to 
show that Theorem 6.6 and Corollary 6.7 in [l] (which are for solutions and not weak-solutions) 
are still true for our problem. The Corollary directly comes from the Theorem. So we need to 
show that, if d = 2 and xq £ dilu, then 

lim J- max{A - | Vup, 0} = 0. (30) 

We argue as in Theorem 6.6 in |T]. Let C G C§°{B) be nonnegative and let v = maxj-u — eCiO}. 
Using dll) with this v and h = \0 < u < eC\ < \{C 0}| we get. 



/i„(/t)|0 < u < eCl < J |Vwp - J |Vw|2 -f Aa y (w' - f') 

= J \\/ mm{e(,u}\'^ - 2 J Vu.V min{eC, -u} 



+ Xa / u'-Xa {eCf + 2Xa / UsC 

J{u<eC} J{u>eC} J{u>eC} 



Using —Au — XaU in flu we get: 

/Vu.V minjeC, = Aq / umm{e(,u} = Xa / + Xa ue(, 

J Jiu<ea Jiu>sC\ 



and so, 



/x_(/i)|0<u<eCI < / |Vtip+/ s^\VC\^-Xa u^-Xa (eC)', 

J{u<eC} J{u>eC} J{u<eC} J {u>sC} 

and so, we can deduce that, 

[ {A~\Wu\')<f e'\WC\' + {A-fi-{h))h. 

J{0<u<eC} J{u>eC} 

The only difference now with [l] is the last term. Using Theorem 11.51 we see that (A — ^^{h))h — 
o{h), so we can choose the same kind of ( and e as in p] to get (|30l) (see Theorem 5.7 in |3j for 
more details). □ 
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4 Appendix 



In this appendix, we discuss the hypothesis "D is connected". We begin with the following 
example, taken from 0]. 

Example 4.1 (from ^) We take D = DiU D2, where Di,D2 are disjoint disks in of radius 
Ri,R2 with Ri > i?2- If a = irRl+e, then the solutionu o/© coincides with the first eigenfunction 
of Di and is identically on D2, and thus Vt^ = Di and < a. 

In this case, we can choose an open subset u of D2 with \uj\ — e. Then fl* := Z?i U w is a solution 
of IH) • Since uj may be chosen as irregular as one wants, this proves that optimal domains are not 
regular in general. 

However, we are able to prove the following proposition. 

Proposition 4.2 (The non-connected case) If we suppose that D is not connected, the prob- 
lem (O still has a solution u which is locally Lipschitz continuous in D. If uj is any open connected 
component of D, we have three cases: 

1. either u > on uj, 

2. or u — Q on uj, 

3. or < \ flu n L^l < Ic^l, and dflu has the same regularity as stated in Theorem \1.2l 
If \flu\ < a, then only the first two cases can appear. 

Remark 4.3 It follows from Proposition \4.2\ that we obtain the same regularity as in the connected 
case. Indeed, in the first two cases, dfl* Duj = dflu Duj — 9. 

Remark 4.4 To summarize, in all cases, there exists a solution fl* to |Qp which is regular in 
the sense of Theorem \1.S\ but there may be some other non regular optimal shape. And if D is 
connected, any optimal shape is regular. 

Proof. The existence and the Lipschitz regularity are stated in Proposition ll.il 
If M = a.e. on uj, then we get u = on w by continuity. 
If M > a.e. on to, by Lemma [2751 w > everywhere in w. 

If < |ri„ n w| < the restriction of u to w is of course solution of ((6|) with uj instead of D and 
|a; n f2„| instead of a. We then may apply Theorem 11.21 

Finally, if |r2n| < a, we may write J{u) < J[u + tip) for all t G (— e, e) and for all •.p G C^{D) such 
that < a — \ and so: 



^ _ dJ{u + tip) 



dt 



t=o 



= 2 (Vm.Vv?) - 2Aa / u(p. 
Jd J d 



That is —Am = AqM in D and the third case is not possible since by maximum principle u > or 
M = on each connected component oi D. □ 
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